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ABSTRACT

Man-made objeds often have apayhedral shape. For payhedral objeds it is advantageous to use aline-photogrammetric
approad, i.e. lines are observed in the images instead of points. A novel line-photogrammetric mathematica model is
presented. This model is built from conditi on equations with image line observations and oljed parameters in the form of the
coordinates of objed points and the parameters of objed planes. The use of plane parameters sgnificantly simplifies the
formulation of geometric constraints. Objed line parameters are not included in the model. The duality of the point and plane
representation in spaceis exploited and leads to linea equations for the computation of approximate values. Constraints on
the parameters are used to eliminate the rank deficiency and to enforce geometric objed constraints. The exterior orientation
of the imagesis assumed to be gpproximately known. The rotation matrix is parametrised by a unit quaternion.

The main advantages of the presented mathematicd model are the use of image lines as observations and the way in which it
fadlit ates the incorporation of al types of geometric objed constraints. Furthermore, the model is freeof singuarities through
a ombination of over-parametrisation and constraints. The least squares adjustment allows a rigorous assessnent of the
predsion of the computed parameters and allows for statisticd testing to deted possble erors in the observations and the
congtraints. Examples demonstrate the advantages of the proposed mathematicd model and show the dfeds of the
introduction of geometric constraints.

Keywords: close-range photogrammetry, computer vision, line photogrammetry, geometric constraints, mathematica model,
least squares adjustment, polyhedral objed reconstruction

1. INTRODUCTION

Many man-made objeds are constructed using predefined rules that result in regularity of the shape of the objed. Planar faces
appea frequently, as do symmetries such as parallel and perpendicular objed lines and planes. This is definitely the cae in
the goplicaion field of architedural photogrammetry for which the novel mathematicd model is primarily designed.

The goal of the reseach is the aljustment of image line observations and geometric objed constraints, in combination with
the construction of a polyhedral objed description. Advantages of usingimage lines over points as the basic photogrammetric
observations can be found in e.g. [1], [2] and [3]. The image lines are asumed to result from the projedion of edges of the
objed and can be extraded manually or automaticdly. In both cases the topdogicd relations between image lines and oljed
fedures are spedfied manually. The same holds for the objed topdogy. Other premises are the use of a cdibrated camera
(i.e. the interior orientation including lens distortions is known) and the availability of approximate values for the exterior
orientation or pose of ead image.

In [4] a solution to this problem was presented that consists of two steps. The first step is the aljustment of the image line
observations and the second step is the objed reconstruction. The ajustment of image lines does not involve objed
parameters. The main advantage of this approad is that there is no need for a choice of the parametrisation of the objed, nor
for approximate values of the objed parameters. This makes the gpproach espedally suitable for (sequential) adjustment and
statisticd testing of observations during interadive modeling when objed parameters are not estimable throughout the
modeling process However, a disadvantage is that some geometric objed constraints are difficult to formulate; this holds in
particular for distance @nstraints. Another disadvantage li es in the separate step needed for the objed reconstruction.
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The gproach presented in this paper fully eliminates the disadvantages of the former approadh. The drawbadk is that the new
model is less sitable for adjustment during interadive modeling. This is due to the introduction of objed point and plane
parameters and the neal for approximate values of these parameters becaise of the non-lineaity of the model. The plane
parameters are introduced to fadlit ate objed constraints like mplanarity of the points, perpendicularity between faces of the
objed, and distance mnstraints between parallel planes. The use of objea parameters implies a dhoice for the representation
of an objed. Thisisthe subjed of sedion 2.

The mathematicd model itself including the geometric constraints is discussed in detail in sedion 3. Approximate values of
the point and plane parameters are mmputed from a passbly redundant set of linea equations (sedion 4). In sedion 5 three
examples are presented where the mathematicd model is applied for the aljustment and remnstruction of parts of a buil ding.
The examples differ in the anount of a priori objed information that is used.

2. GEOMETRIC OBJECT MODELING

In many present day CAD systems there ae two approaches to geometric modeling. The first one is the surfaceor boundary
representation (B-rep) of the objed and the second one is a solid representation. In the latter case the model is built from a
combination of primitives (smple solid shapes like boxes) using Constructive Solid Geometry (CSG). In architedural
photogrammetry a surfacerepresentation has advantages because very often only parts of a building, like facales, are modeled
and a volumetric description with solids is not useful. Furthermore, ocdusions of (small) parts of a building prohibit the
construction of a solid description without considerable generalization. In our reseach the objed is described by a boundary
representation to which geometric objed constraints are added. As a first step towards a volumetric description inside and
outside of objed faces are defined, based on the assumption that the objed is viewed from the outside.

The reseach is restricted to pdyhedral objeds. Points, lines and planes and their topdogicd relations make up a boundary
representation of a polyhedral objed. It is most common to only store the 3D coordinates of the pointsin order to describe the
geometry. However, in the cae of an objed facewith a cntour that consists of more than three elges (or points) the
parametrisation by coordinates is redundant. In such a cae mnstraints are neaded to ensure avalid baundary representation.
In the objed parametrisation adopted here plane parameters are introduced in order to fadlitate the formulation of this
coplanarity constraint. This constraint then involves the parameters of one point and one plane, while with only point
parameters this constraint would involve the parameters of four points. Another reason to introduce plane parameters is the
simplification of objed constraints, like parall elism, perpendicularity or a distance nstraint between paralel planes. These
congtraints are discussed in sedion 3.4. Line parameters are not used, mainly because they would imply a considerable burden
(seesedion 4.2 df [4]), athoughthey could simplify the formulation of constraints between lines. If desired, line parameters
can be derived from the mordinates of points on the lines. Although ro line parameters are included in the model, the
presented mathematica model is cdled aline-phaogrammetric model becaise the observations lely consist of image lines.
In most of the research on line photogrammetry four or six parameters are used for the objed lines ([1], [2], [3], [4], [6], [7])-
In [8] parameters for the planes are used, but no coordinates of objed points. In [9] the objed is described by a combination
of palyhedral blocks of which the shape parameters are stored. This approach has many advantages sich as the reduction in
the number of parametersto recover. However, the cnstraints used to reduce the number of parameters are @solute (or “hard
congtraints’, seesedion 4) and can not be relaxed asin the goproach presented in this paper.

Figure 1: Dudlity of the point and dane representation

The objed parametrisation adopted in the research described here mnsists of point and plane parameters. Three ©ordinates
of avedor define the position of a paint in space Due to the duality between point and plane representation, a plane can be
parametrised by a vedor as well, where the orientation of this vedor is normal to the plane. The disadvantage of this
parametrisation lies in the singuarity that occurs when the origin of the cordinate system lies in the plane, becaise then the



Table 1: Objed parametrisation hy points and danes

Entity Orientation Position constraints
Point X =(xY,2)
Plane n:(X, y! Z)n In R i

orientation of the plane is undefined due to the zeo length of the plane vedor. To avoid this snguarity for ead plane an
additional parameter is introduced that spedfies the distance of the plane to the origin. This over-parametrisation is
compensated by a onstraint on the length of the normal vedor. The objed parameters of the mathematicd model are
summarized in Table 1 and visualised in Figure 1.

3. THEMATHEMATICAL MODEL

In this sdion the novel line-photogrammetric mathematica model is presented. First the observations in the form of image
lines are discussed in sedion 3.1, followed by the parameters in sedion 3.2. The parameters consist of objed parameters
(sedion 2) and exterior orientation parameters. Then the relations between observations and parameters are treded in sedion
3.3. In sedion 3.4 the incorporation of geometric objed constraints in the model is discussed and in sedion 3.5 the least
sguares lution to the mode is presented.

3.1 The observations

The mathematicd model supparts the adjustment of automaticdly extraded or manually measured straight lines in the image.
Asamingapin hole caneramodel, an image point observation relates to a spatial diredion vedor d (Figure 2):

d=(xy,~f) @
Where (X, Y) is the location of the point in the camera system (correded for deformations in the image plane and lens

distortions) and the focd length f. The straight line feaures in the image dl have abegin and an end padnt, passbly on the
border of the image. But these points do not have to represent projedions of the vertices of the objed. Thisis even urikely if
the lines result from automatic fedure extradion. This is the reason why ead line feaure is represented in the model only

throughthe normal vedor n; of the plane. This is the so-caled interpretation plane, throughline j and the projedion center

of image i. The normal vedor can be cmputed from the diredion vedors of begin and end pant throughtheir crossproduct
and is rotated to the oljea coordinate system by multi pli cation with the rotation matrix of exterior orientation R, (Figure 2):

n, =R, (dlxdz)j 2

The mathematicd model isformulated in such away that the length of the normal veador N does not play arole.
Only the image mordinates (x,y) aretreded as observations. The focd length istreged as a mnstant.

3.2 The parameters

Two types of parameters are distinguished. First the model contains objed parameters as discussd in sedion 2. The secnd
type refersto parameters for exterior orientation of the images.

The objed parameters consist of three parameters for ead objed point and four parameters for a plane. A constraint is
needed for eath plane & a result of the over-parametrisation (Table 1). The exterior orientation parameters consist of three

parameters for the location of the projedion center (vedor I, for image i) and four parameters of a quaternion g that defines

arotation matrix R;. These parameters are dso cdled the Euler-Rodrigues symmetric parameters [10]. The major advantage

of this parametrisation of the rotation matrix is the asence of singuarities (i.e. criticd conditions [11]). However, a
normali zation constraint has to be gplied, like with the over-parametrisation used for the planes:

| = ya.> +a,? +a," +q,> =1 3)



3.3 Therelations between the observations and the parameters

The main relation used for the mathematicd model can be simply stated as a padnt is located in the planes to which it relates.
There is only one relation between the observations and the parameters, namely: an objed point is located in the
interpretation danes to which it relates (Figure 2). A similar relation is applied to the objed feaures. an oljed paint is
located in the objed planes to which it relates. The latter relation will be discussed in the next sedion. The relations between
the observations and the parameters (image i, image line j, and ohjed point k) can be written as:

n, X, —n; 0, = 0 4
It isimportant to note that in this formulation the length of the normal vedor to the interpretation plane |nij | does not play a

role and thus the over-parametrisation of the orientation of the interpretation plane does not play arole.
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Figure 2: Objed paint in interpretation dane

3.4 The geometric object constraints

The main advantage of the gproac presented here is the way in which it fadlit ates the incorporation of geometric objea
congtraints, also cdled internal constraints. The @nstraints are diredly imposed on the objed parameters, in contrast to the
approach in [4], where the objed constraints are formulated in terms of the observations (i.e. the normals to the interpretation
planes). Two types of geometric constraints can be distinguished. First, the cnstraints needed for a valid pdyhedral objed
description, i.e. the mnstraints that force the objed points to be in the objed plane(s) they belong to. Second, the mnstraints
that result from a priori knowledge on the geometry of the objed. These ae nstraints that affed the shape of the resulting
polyhedral objed model like parallelism or perpendicularity of objed planes. Constraints that affed the definition of the
coordinate system, like horizontal or verticd lines or planes, are not dedt with here, but are treaed separately in sedion 3.5.

Point-point constraint. Thereis only one cnstraint between two pantsi and j, i.e. the distance between them is known:

|xi —xj| =d, ©®)
d; : distance between pointsi and j.
Line-line constraints. Apart from a (shortest) distance mnstraint between two lines, the ange wnstraint is a onstraint with
more pradicd significance It involves the parameters of four points definingtwo linesi and j:

(Xil _Xiz) Eﬂle _ij)
|Xi1 - Xi2||Xj1 - ij|

= cos@) ®)

a; : angle between the linesi and j.



Plane-plane constraints. The major constraint of thistype isthe angle constraint between two planesi and j:
n, h, =cos@,) ™
a angle between the planei and j.

Thanks to the (over-)parametrisation chosen for the planes (see Table 1) the distance between two paralel planesi and j is
simply constrained by:

=d, (®)

d; : distance between planesi and j.

It has to be noted that the sign of | is to be reversed if the normals have an oppdasite diredion. This constraint is linea in
contrast to a distance @nstraint between two pdnts of the objed model.

Point-line constraint. The only constraint of this type is the shortest distance between a point i and a line defined by the
pointsj and k:

|(Xi _Xj)x(xk _Xj)|

|xk—xj|

=d, )
dy, : distance between paint i and linej-k.

Point-plane constraint. This constraint is of the same type & the point-line mnstraint:

|xi|jhj—ln

1= d; (20
d; : distance between point i and planej.
This congtraint is dightly modified to be used as the mnstraint that forces an objed point into the planesit relates to:

x, h, -1, =0 (11

It hasto be noted that the plane parameter |, carries a sign that depends on the sign of the normal vedor n.

n

Line-plane constraints. A distance onstraint can be formulated in case of parallelism of line and plane. The angle cnstraint
between aline and aplaneis of the form:

(Xiy =X;,) []]j .
W =sin(g;) (12

i2

a ange between thelinei and planej.

Spedal cases of some of the geometric constraints need further investigation. These cases occur if the right hand side equals
one (equations (6) and (7)) or zero (equations (9) and (12)). Then two equations are needed instead of one.

At the time of writing only the point-plane @nstraint (10) and the plane-plane angle mnstraint (7) have been implemented.
These mnstraints are gplied in the examples of sedion 6.

3.5 The definition of the coordinate system

The geometric objed constraints do not eli minate the rank deficiency of the design matrix that results from the introduction of
a mordinate system in combination with parameters for al objed points and planes and all exterior orientation parameters.
Additional constraints are neaded to fix the mordinate system and thereby eliminate the rank deficiency. For this purpose
congtraints are introduced for a minimum of seven suitable mordinates of objed points, although other (combinations of)
parameters li ke the pasition and/or orientation information of the images could also be used. Over-constraining occurs if more
than seven coordinates are available. There ae various ways to introduce these cnstraints in the mathematica model. Thisis



the subjead of the next sedion. There it is explained why all the @nstraints are introduced as observation equations. For the
coordinate constraints these observation equations have the foll owing form:

E{x,} =1 x; Q,, (13
with:
E{} mathematicd expedation
X, vedor of observations (known coordinates of control points)
X vedor of parameters (coordinates of control paints)
I unit matrix
QXO covariance matrix of observations (implemented as a diagonal)

Other constraints that are useful for fixing the mordinate system are the so-cdled “partial absolute” constraints [12], like
horizontal or verticd lines or planes. A verticd line or a horizontal plane cnstraint fixes two of the seven degrees of freedom
of the mordinate system. A horizontal line or a verticd plane fixes one degree of freedom. These mnstraints on the
orientation of the mordinate system involve mordinates of two padnts (for aline mnstraint) or the orientation parameters of a
plane. If the same partial absolute mnstraint is enforced on more than one line or plane, the cnstraints on al but one line or
plane can be replaced by parall €lism constraints (sedion 3.4).

4. LEAST SQUARESADJUSTMENT

In the previous ®dion the observations of the mathematica model, the parameters and their relations have been presented. In
this ®dion aleast squares lutions to the mathematicad model is discussed. The way in which the various types of constraints
are enforced in the aljustment leaves room for discusson.

The mathematicd model consists of condition equations with observations and parameters. In addition constraints have to be
impased on the parameters. Thismodel can be written as foll ows (after lineaisation, see[13] and [14]):

B'E{y} =Ax; 0=C'x; Q, (14)
with:
BTE{y} = Ax condition equations
0=C'x constraints on the objed parameters
y vedor of (corredions to) the observations (i.e. image line observations)
X vedor of (corredions to) the parameters (i.e. objed parameters and exterior orientation parameters)
A,B,C design matrices (partial derivatives)
Q, covariance matrix of the observations (implemented as a diagonal matrix)

The oondition equations result from lineaisation of equation (4) in sedion 3.3. The nstraint equations on the parameters
can be of various types, namely the geometric constraints described in sedion 3.4 or constraints needed for the dimination of
rank deficiencies. These rank deficiencies result from over-parametrisation of the objed planes (sedion 2, Table 1) and the
rotation matrix (sedion 3.2, (3)) or result from the use of coordinates (sedion 3.5, (13)). It is not possble to solve the part of
the model with the conditi on equations first and apply the mnstraints on the objed parametersin a second step. Thisis caused
by the rank deficiency of the system built from the condition equations only (A has a rank defed). This is the main reason to
transform the model (14) to a model with observation egquations only. In [1], [16] and [14] thisis cdled the unified approadc.
In our approach not all approximate values are treaed as observations.

[z, 0
EQ 0= %T EX; Q,:Q, or E{zZ}=(A.)x; Q, (15
C£20
with:
z,= Ty vedor of (corredionsto) the derived observations

Q.= BTQyB covariance matrix of the derived olservations

,=0 vedor of (corredionsto) pseudo a constraint observations
Q. covariance matrix of the pseudo olservations (diagonal)



The model consists of two parts that are solved simultaneously. Due to the transformation of constraints into pseudo
observations the complete system (A ) isof full rank. In the first part the condition equations lead to observation equations

with derived olservations (z;) of which the (full) covariance matrix (Qzl) is derived by propagation. In the second part

pseudo olservations are introduced of which the variances are dosen to be very small compared to the variances of the
original and derived observations. This holds for the variances of the “constraint observations’ that are used to eliminate the
rank deficiency resulting from the over-parametrisation. For other constraints, like the constraints for the @ordinates of
control paints, aredistic value for the variance of the pseudo olservations can be chosen. The same goplies to the geometric
objed congtraints. The variance alopted for the pseudo otservation refleds the uncertainty in the constraint. In pradice, it is
difficult to find redi stic values for these variances becaiuse they will differ considerably from one gplication to the other. The
variance determines the weight of the mnstraint in the adjustment. A very large weight will result in an objed model that fully
complies with the mnstraint, a redistic weight will allow discrepancies between adjusted model and constraint. These
different weightings are sometimes referred to as hard and soft constraints (“we&k forms’ in [12]).

The least squares lution to the model (15) iswell-known:
X=(ALQ}AL)'ALQ}z (16)
The residuals of the derived and pseudo olservations are omputed as foll ows:

e, =z-AX 17
The residuals of the original image line observations are @mputed from the first part of the model (15):
& =Q,BQ,(z,-A %) (18)

It has to be noted that B has to be of full rank for an invertible Qu (and Q). This can only be the cae if no more than two
condition equations per image line ae used. Therefore, it is not possble to relate more than two oljed points to one
interpretation plane. Objed constraints have to be used to force more than two pants onto an objed line.

Becaise we ded with a non-linea model in both the parameters and the observations, a so-cdled mixed model [13], the
solution is computed in an iterative procedure in which parameters and observations are updated. This implies that equation
(18) is evaluated in eath step of the iteration process This is not the cae in a mnventional (non-mixed) non-linea model
with observation equations.

5. APPROXIMATE VALUES

Initial values are needed for all parameters in the model becauise the eguations presented in the previous dion are non-
linea. Two types of parameters have to be distinguished. These ae the objed parameters and the parameters of exterior
orientation or pose parameters of the images. The computation of approximate values for exterior orientation is discussed
first.

There ae several ways to obtain approximate values for the exterior orientation parameter of the images. Dired methods for
spaceresedion based on a priori information on objed coordinates are available [17]. In [18] a method is proposed that
makes use of the parallelism of coplanar objed lines. A dired solution has been derived for which only the projedion of
(parts of) the edges of a parallelogram (or redange) in objed spaceis needed. If the same parallelogram is visible in two
images, relative orientation between them can be determined. If a spedfic objed coordinate system is to be used a simil arity
transformation hasto be gplied.

With the exterior orientation parameters (approximately) known, the objed point parameters are computed using equation (4).
This equation is linea if exterior orientation parameters (R and r) and olservations (represented by the normal vedor to the
interpretation plane n) are treded as constants. Equations of thistype ae gathered and a least squares adjustment is performed
to compute the mordinates of the objed point (x). This adjustment per objed point allows for an assessment of the
estimability of the aordinates of the point. In case of an overdetermined system of equations, statisticd testing can be gplied
to deted errors in the observations or errors in the gproximate values for the eterior orientation parameters. A minimum
configuration of three interpretation planes for an objed poaint is depicted in Figure 3. Poor intersedion angles between
interpretation planes are deteded in the goproximate value mmputation of ead objed point.
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Figure 3: Minimum configuration

The plane parameters are computed after the computation of objed point coordinates. Now equation (11) is applied with x
and I, as constants. Then these ejuations are gathered for eat plane and the three parameters of n are solved with |, set to
one. Normali zation of n resultsin I,, being the length of the original vedor n. Equation (11) isalso linea and, in fad, identicd
to the rewritten equation (4) used for the point coordinate cmputation. Points and planes are treaed in the same way in the
approximate value computation, making wse of the point-plane dudity discussd in sedion 2. It has to be noted that the
computation of approximate plane parametersis not singuarity-free

With the avail ability of the plane parameters, additional equations are available for the cmputation of the mordinates of the
points that are spedfied to be in that plane. Point and plane parameters are computed in an aternating way until no new point
or plane parameters are computed. With this approach it is possble to compute gproximate values for objed points that are
visible in only oneimage, or not in any image, if there ae & least threeobjed planesinterseding at that point. The parameters
of these planes then have to be previously computed from the cordinates at least threeother pointsin the plane. The result is
that, due to the point-plane cnstraints (sedion 3.4), it can occur that parts of the model visible in lessthan two images can be
recnstructed. Thisis demonstrated by the examples described in the next sedion.

6. EXAMPLES

The mathematicd model presented in this paper is applied for modeling the entrance part of our department building. Three
images were taken with a digital camera (Kodak DCS420with a 20 mm lens) of which the interior orientation (including lens
distortion) is known. Lines were measured manually by measuring a start and end pdnt of ead straight line. These points
were chosen in such a way that the line in the image is as long as possble and the edge showed good contrast. The three
images and the image line observations are visuaised in Figure 4. Note that there is no correspondence between points in
different images. The standard deviation of the observations was chosen to be cmnstant at 1 pixel for all tests. When lines are
extraded automaticdly the stochastic model can be diosen in acordance with the predsion estimation from the line
extradion method. A stochastic model in which the variance of the mordinates of the end pants depends on the length of the
measured line is presented in [19].

Figure 4: Image line measurements

Advantages of line-photogrammetric measurement over point measurement are ill ustrated by the detail sin Figure 5. In the top
left picture threeobjed points at the wrners of threefaces are visible (in the canter of the three dusters of end pants) whilein



the top right picture only one of the threepoints could have been measured had pant measurements been used. The other two
corner points are not visible because one point is off image and the other point is ocduded. With line measurements a part of
the aelge between the two missng points can be measured and in this case that line is crucial for the reconstruction. In the two
pictures at the bottom of Figure 5 ocdusion of a crner point by abox that is not modeled daes not prohibit the reconstruction
of the objed point because asufficient number of image linesrelating to this point can be measured.

Apart from the image line measurements the objed topdogy was gedfied i.e. the faces, the alges and the vertices of the
objea and their relations were defined. Furthermore, ead image line was related to two vertices of the objed. This is the
spedficaion of what is cdled the image-objed topdogy. Approximate values for exterior orientation parameters were
obtained with the use of parall elism information on edges of the objed [18]. Seven approximate objed coordinates were fixed
to define the mordinate system of the model (sedion 3.5).

Figure 5: Detail s of left and middle image

Three aljustments have been performed, al with the same set of line measurements and the same stochastic model. The
adjustments only differ in the amount of objed information supplied. The main charaderistics of the aljustments are
summarized in Table 2. The three resulting texture-mapped models can be accesd through the Internet at
www.geo.tudelft.nl/frsg/architedtriple.html.

In the first adjustment all faces are treaded independently, i.e. there ae no oljed constraints apart of the mnstraints that force
a orner point into the plane of aface The resulting model is pictured in Figure 6. In ead point of the model an elli psoid is
pasitioned in order to visualize the predsion of the mordinates. The scde of all ellipsoids is afador 10 larger than the scde
of the model. Furthermore the dlipsoids of the position of the three projedion centers is visible in the top views. The
predsion of the mordinates is dependent on the dhoice for the definition of the mordinate system. Here, the three ©ordinates
of the two pdnts on the left of the brick wall i n the front are fixed using equation (13) with (very) large weights. The seventh
coordinate that is fixed in thisway is located at the top right of the same wall. The size and shape of the dli psoids depend on
this choice, but it does not affed the predsion of the shape of the model. For instance, the predsion of distances computed
from the mordinatesis not affeded by the dhoice of the aordinate system.



Figure 6: Top (left) and obique view of the first model (seewww.geo.tudelft.nl/frs/architedtriple.html)

Two auxiliary trianguar horizontal faces have been defined. They do not play a role in the first adjustment. Note the five
elongated elli psoids on the left side of the model. This is due to small intersedion angles between interpretation planes
asociated with approximately horizontal li nes in the images. For better intersedion angles the images sould have been taken
from different height levels. These five dli psoids point towards the projedion center of the leftmost image becaise only this
image mntains two line measurements for ead of these paints (see Figure 4). Information on the predsion is simmarized in
Table 3. The number of iterationsiis determined by the aiterion for the maximum corredion to the parameters (set to 10°).

Table 2: Number of parameters and redundancy

Adjustment | Points  Planes (faces) Parameters Equations (Ac) Equations(B')  Redundarcy
1 16 8 (10) 101 149 98 48
2 18 8 (11 107 160 102 53
3 18 8 (11 107 171 102 64

In the second adjustment additional objed information is incorporated in the form of coplanarity constraints. Three verticd
faces are asumed to be in one plane and the same holds for the two trianguar horizontal roof faces. As aresult, the number of
plane parameters reduces by eight (two planes less but one alditional face. Because of these alditional constraints the
coordinates of a new facebemme estimable. Furthermore, the predsion of the mordinates improves, which is refleded by
smaller elli psoids (seeFigure 7 and Table 3). The number of planes is the same for all three aljustments (Table 2) becaisein
the first adjustment there ae no plane parameters introduced for two horizontal trianguar faces. There is no need for those
parameters becaise these planes do not involve mnstraints. In the second adjustment there is one set of plane parameters for
these two faces and one set of parameters for the threefaces that make up the front of the buil ding.

Table 3: Results of the aljustments

Adjustment | Iterations Estimated Largest standad deviation
standard deviation (pixd)  of objed coordinate (percentage of objed size)
1 4 0.67 1.7%
2 4 0.74 0.41%
3 5 1.37 0.28%




Figure 7: Top and obique view of second model

In the third adjustment a new type of geometric objed constraint is introduced. This is the angle @nstraint between two
planes. In total eleven perpendicularity constraints were gplied. All verticd planes were set perpendicular to the horizontal
roof plane (six constraints) and ead verticd plane was st perpendicular to its neighboring verticd plane (five mnstraints).
From Figure 8 and Table 3 it is clea that the formal predsion isimproved by the alditional objed information. However, the
estimated standard deviation increases considerably. This raises the question whether there ae model errors present. Is the
stochastic model too opimistic, is the canera model corred (interior orientation), and are dl the objed constraints valid in
their absolute form? Statisticd testing of individual constraints and image line observations can provide an answer, but is not
implemented yet. Furthermore, redi stic weighting of the constraints and its effed on predsion isto be investigated. The same
holds for the reliabilit y aspeds of the presented mathematica model.

Figure 8: Top and oHique view of third model



7. CONCLUSIONS

A new mathematicd model for the reconstruction of payhedral objeds using line photogrammetry is presented. The main
difference from existing models is the use of conditi on equations with observations and parameters. Apart from parameters for
the exterior orientation of the images, parameters for objed points and planes are incorporated in the model. The plane
parameters fadlit ate the formulation of geometric objed constraints, such as coplanarity, and angle or distance onstraints
between planes of the objed. Over-parametrisation in combination with constraints for the rotation matrix and the planes
result in a mathematicd model freeof singuarities. Approximate values of all objed parameters are computed from, possbly
redundant, sets of linea equations.

The examples demonstrate the advantages of the gproach. Due to the use of line photogrammetry ocduded oljed points can
be reconstructed. Parts of the building visible in only one image can be modeled due to the introduction of coplanarity
congtraints. Furthermore, the formal predsion improves sgnificantly with the introduction of constraints like perpendicularity
between objed planes. The validation of the objed constraints in combination with their weightingisto be investigated.
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